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The present research work introduces the concept of Laplacian energy with respect to block adjacency matrix
named as Laplacian block adjacency energy. Further upper bound, lower bound and bound for spectral
radius of Laplacian block adjacency energy are established for the graph with mutually adjacent blocks and
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1 INTRODUCTION
Let G be a graph with n vertices, m edges and B blocks. Block
is a maximal connected graph no cutvertices. The degree of
the block in a graph G is the number of blocks adjacent
to block [1]. Let d, be the degree of the block in G. The
helm graph H, [2], where ¢ > 3 indicates the number of
pendent edges, is the graph obtained from a n-wheel graph
W,, by joining a pendent edge at each vertex of the cycle.
The number of blocks in H, are (¢t + 1). Undefined graph
terminologies are referred from [3]. In this paper the graphs
considered are connected, simple, finite and undirected.
The Cauchy-Schwarz inequality [4] states that if
(ay,a9,03,...,a,,) and (by,by,bs,...,b,,) are real n-vectors
then,

(Z:'L:l aibi>2 = (Zyzl a?) (Z?:1 bf) ) (1)

1.1 Laplacian energy

The concept of graph energy was introduced by Gutman [5].
The adjacency matrix A(G) = (a;;) of order n whose
(i, j)-entry is defined as [5]:

_ _J 1, if v; and v; are adjacent
AlG) = (a;;) = { 0, otherwise .
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If A\,A5,A5,..,A, of A(G) are the eigenvalues of the
graph G, then the spectrum of a graph G is the collection
eigenvalues of adjacency matrix A(G) along with their
multiplicities [6]. The energy of graph F 4 (G) is defined to

be the sum of the absolute values of eigenvalues.

EA(G) =37\l
The Laplacian matrix of G is the n x n matrix defined as
L(G) = D(G) — A(G), where D(G) is diagonal matrix of
vertex degree and A(G) is adjacency matrix. This matrix has

nonnegative eigenvalues 1y > 5 > ... > i, . The Laplacian
energy of the graph [7]G is defined as

LE(G) = lpy—

im1 n
1.2 Block adjacency energy and Block adjacency
Laplacian energy
For a graph G with n-vertices and B =b,,by,b5,...b,;k € N
be the total number of blocks, B > 2, the block adjacency
matrix BA(G) = [b, ;] is defined as [8]

_ _J 1, if b; and b; are adjacent;
BA(G) = [b;;] = { 0, otherwise .
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The block adjacency matrix BA(G) is a real symmetric
matrix. If v1,75,75..., 75 are eigenvalues of BA(G), then
the block adjacency energy of a graph E'5 4 (G) defined as

B
EpalG)=)_ |l
i=1

Graph energy and its subsequential variants have remarkable
applications in various fields of science and engineering such
as chemistry, crystallography, air transportation, satellite
communication, face recognition, comparison of protein
sequences, construction of spacecrafts, processing of high-
resolution satellite images, network, and medicine [9].
Especially one of the energy variants, Laplacian graph energy
found an unexpected application in image processing and
classifying high resolution satellite images. The success of the
theory of graph energy and its variant Laplacian energy (7,
10] inspired us to introduce the concept of Laplacian energy
with respect to block adjacency matrix. Which may hold
many applications in the future.

Laplacian block adjacency energy is defined as follows.

Let D}, (G) = [d, ;] be a diagonal matrix of block degree
and is defined as

g ={ o

The Laplacian block adjacency matrix of G is L 4 (G) =
Dy (G)— BA(G). The nonnegative eigenvalues of Laplacian
block adjacency matrix are 3;, 35, 35,..., 8 and arranged
in non increasing order 5, > B4 > By >,...,> [p. The
Laplacian block adjacency energy denoted by LE ; 4 (G) is
defined as

LEp,(G)= Zil o 2)

where «a;,7 = 1,2,3..., B is the auxillary eigenvalue. The
largest eigenvalue «; is called the spectral radius of G.
 For graph with mutually adjacent blocks

a, =p;,—X(G),i=1,2,3,...,B,where X(G) = (B—1)

o For helm graph

a;,=p;—Y(G),i=1,2,3,...,B, where Y (G) = 2312

Where B and m are the number of blocks and edges of G
respectively.

In this research work Laplacian energy of block adjacency
matrix for the graph with mutually adjacent blocks and helm
graph are obtained. Further the bound for spectral radius,
upper and lower bounds of LE 5 4 (G) are obtained for the
same class of graphs.

2 RESULT
The following observations are used for proving lemmas and
theorems in main result.
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o Observation A. If G be a graph with B mutually adja-
cent blocks, then the sum of squares of nondiagonal
elements of LEp 4 (G) =23, _ B(B—1).

o Observation B. If G be a graph w1th B mutually
adjacent blocks, then the sum of diagonal elements of
LEg,(G)=Y.7  d;=B(B—1).

+ Observation C. If ' be helm graph with B > 4 blocks,
then the sum of squares of nondiagonal elements of
LEg4(G) = QZKj b7 =2(B—1).

o Observation D. If G be helm graph with B > 4 blocks,
then the sum of the diagonal elements of LE 5 4 (G) =

Y7 d=2(B-1).

2.1 Bounds on Laplacian block adjacency energy of
graph with mutually adjacent blocks
Theorem 2.1: If G be a graph with mutually adjacent B > 3
blocks, then
LEp4(G) ==—285—(B—2)X(G) — B(B—1)
Proof. Let G be a graph with mutually adjacent B >
3 blocks and f3,,05,085,...0p are its Laplacian block

adjacency eigenvalues, where S5 =0, 5, =f5_1 =B
From Equation (2), we have
LEga(G) =37 |8, —X(G)l, where X(G) =

(B—1)
= By + Bp1 — 2X(G) + | — (—Bp + X(G))| +
728, —X(G))|

=p1+Bp_1—2X(G)—Bp+X(G +Z ‘5—
X(G)|

=B1+Bp_1—Bp—X(G +Z ‘ﬂ - X(G)]

> By —Bp1—Be—X(G )+\232[ﬂ —X(@)]

=p1—Bp1—Pp—X ()+|B(B 1) (Br+Bp_1+
Bp)—(B—3)X(G)|

=B1—Bp-1—Bp—X(G)+B(B—1)—B,—Bp_1—
Bp—(B—3)X(G)

=—-20p—(B—-2)X(G)—B(B-1)

> (B+1)

The following lemmas are used in the proof of the
theorems.

Lemma 2.2: If 3,35, 03, ...0p are the Laplacian block
adjacency eigenvalues of graph with mutually adjacent
blocks B > 3, then

—1)+Y7 d?

>, B =B(B

Proof.

B B B
S B = tr(Lpa(@)2 =8 T8 b2
B

= 22i<j b?j +2i, b}

By Observation A, we get

Yo, B =BB-1)+X]

Lemma2.3: If G bea graph w1th mutually adjacent blocks
B > 3 blocks, then

Zil a;, =0 and Zil a?2=8

where S =B(B—1)+ (X0 | d;—(B—1))?
Proof. We have
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Zf_l B; —tr(LBA<G>>
_Zz 1

By Observatlon B, we get
=B(B-1).
From Equation (2) we have

P =1 (8, —X(G))

=7 (Bi—(B-1))

:Ozil B; —B(B—1)

YP o a2=Y7 (8, - X(G))?

=37 (Bi—(B-1))?

=37 B2-2B-1)Y7 B+ (B—1)?

By Lemma 2.2, we get

— B ;2 B 2

_B(B—1)+Zi:B1 d; —=2(B=1)3_", d;+(B—1)

— 2

- ?(B— D+, di—(B=1))

where S =B(B—1)+ (X7 | d;—(B—1))?

Theorem 2.4: If G be a graph with mutually adjacent
blocks B > 3 and o is the spectral radius, then

S(B-1
o, < (B )

Proof. Let G be a graph with mutually adjacent blocks
B > 3. Let L g 4 (G) be Laplacian block adjacency matrix of
G and aq, 04,04, ...,a g are its eigenvalues, where «; is the
spectral radius.

On assuming a; = 1 and b, = o, Vi =2,3,...,
inequality Equation (1) becomes,

(27, W@) < (T2, 12)(2P,02) O

From Lemma 2.3, we get

B, the

(7, a1) = (—ay)? 4)

From Lemma 2.3, we get

Y, a?=85-a3 (5)
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Now on substituting Equations (4) and (5) in Equation (3)
we get

oy <

Theorem 2.5: If G be a graph with mutually adjacent
blocks B > 3 blocks, then,

VS < LEg4(G) < VBS

Proof. Let G be a graph with mutually adjacent blocks
B > 3 blocks. Let L 5 4 (G) be Laplacian block adjacency
matrix of G and oy, @y, 5, ..., g are its eigenvalues.

On assuming a; = 1 and b, = |o;|, Vi = 2,3,..., B, the
inequality Equation (1) becomes

e () ()

i=1

Y7 e 2<BY7 |02 (6)
From Lemma 2.3, we get
LEgA(G)<VBS )

Next consider RHS of Equation (6)
B 2 B
(350e) =X
i-1 i=1

LEgA(G)>+VS 8)

From Equations (7) and (8) we get

VS < LEg.(G) < VBS.

2.2 Bounds on Laplacian block adjacency energy of
helm graph
Theorem 2.7: If G be helm graph with B > 4 blocks, then

LEgA(G)=2B;+(B—-2)Y(G)—2(B—-1)

Proof. Let G be a helm graph with B > 4 blocks
and (;,05,05,...0p are the Laplacian block adjacency
eigenvalues of helm graph, where S5 =0, 8, =B, fg_; =
1.

LEpA(G)=37, |8;=Y(G)|, where Y(G) = 3%

= |81 —Y(G)| + [Bp—1 = Y(G)| + |Bp = Y(G)| +
> 1B =Y (G)

=p1—Y(G)+|Bp_1+Bp—2
Y(G)|

=0 —Y(G) + |- (=P — B +2Y
S 1B =Y(G)

=/ —Y(G)—
Y(G)|

=B =B~ Bp+Y(G)+ X7, 18, ~Y(G)
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>p1—PBp1—Be+Y(G)+] Zi2 [8; =Y (G)]|

=P —Bp 1—Bp+Y(G)+|2(B—1)— (B +fp 1+
Bp)—(B=3)Y(G)|

=/ —Bp1+Pp+Y(G)+|—(-2(B-1)+p +
Bp1+Bp+(B=3)Y(G))

=01 —Bp1+Bp+Y(G)—2(B—1)+B1+Bp 1+
Bp+(B=3)Y(G))

=26, +(B—-2)Y(G)—2(B—1)

>(B+1)

The following lemmas are used in the proof of the
theorems.

Lemma 2.8: If 8, 35, 33,...05 are the block adjacency
eigenvalues of helm graph, B > 4, then

Yo B =2B-1)+X] d?

Proof.

Y7 B =tr(Lpa(G))?
_\B B ;2

B Zi:l Zj:l bij

— 2 B 2
- 22i<j bij + Zi:l b3
By Observation C, we get
S, =20+, &
Lemma 2.9 If G be helm graph with B > 4 blocks, then
Zil a; =0 and Zil a?=R
where

— B 2
R=(B-1)+1/2(3_._, d;—2m/3B)
Proof. We have
Y Bi=tr(LpalG))

B

= Zi:l dl
By Observation D, we get
=2(B—-1)
From Equation (2), we have

B B
duisy @ =2, (Bi—2m/3B)
= Zil B; —2m/3
=0

B 2 _\vB 2

Z’Lzl ag = Zizl (/81 _Qm/?)B)

=0, B2 —4m/3BYL7 | B +4m? /9B

By Lemma 2.8, we get

o B 2 B 2 2

=2(B—1)+> 7, di —4m/3BY "  d;+4m*/9B

=2B-1)+(X7 | d;,—2m/3B)?

=(B-1)+1/2(37 | d;—2m/3B)?

=R

where R=(B—1)+ 1/2(253:1 d; —2m/3B)?

Theorem 2.10: If G be a helm graph with blocks B > 4
and « is the spectral radius, then

R(B-1
o < %

Proof. Let G be a helm graph with blocks B > 4.
Let Lz 4(G) be Laplacian block adjacency matrix of G
and oy, 04,04, ...,ap are its eigenvalues, where o is the
spectral radius.

Karnatak University Journal of Science

Leta;, =1land b, = «;, %= 2,3, ..., B then the inequality
Equation (1) becomes,

(22, (@) < (28,

From Lemma 2.9, we get

2)(8,08) O

B
i=2
B 2 2 (10)
(27}:2 ai) - (_al)
From Lemma 2.9, we get
B
> at=r
i=1

B
a? + g a?=R
i=2

Y, a?=R-a? (11)
Now from Equations (9), (10) and (11) we get

(—a1)? < (B—1)(R—0af)

Q%SR(BB—I)
R(B—1
o < =D

Theorem 2.12: If G be a helm graph with B > 4 blocks, then,

VR<LEp,(G)<VBR

Proof. Let G be a helm graph with B > 4 blocks. Let
L 4(G) be Laplacian block adjacency matrix of G and
0,09, Qs,...,0 g are its eigenvalues.

On assuming a; = 1 and b; = |oy), ¢ = 2,3,..., B, the
inequality Equation (1) becomes

o= (£) ($50)

i=1

Y, la? <BY.7, of (12)
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From Lemma 2.9, we get

LE; 4(G)<VBR (13)
Now consider RHS of Equation (12)
B 2 B
Z la;| | = Z ;|
i=1 i=1
LEgA(G)>VR (14)

From Equations (12), (13) and (14) we get

VR < LEgp4(G)<VBR.

3 CONCLUSION

With the objective of introducing a new energy using block
adjacency matrix, the present research problem is initiated
and named as Laplacian block adjacency energy. The results
are established for the graph with mutually adjacent blocks
and helm graph. Laplacian block adjacency energy, its upper
bound, lower bound and bound for spectral radius are
obtained for the same class of graphs. Also, we observe that
Laplacian block adjacency energy bound is > (B + 1) for
both the class of graphs. Further we notice that Laplacian
block adjacency energy of graph with mutually adjacent
blocks is same as that of vertex adjacency energy of star graph
Ky -
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